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A B S T R A C T

Superparamagnetic nanoparticles (SPMNPs), with unique physical and magnetic properties that differentiate
them from their bulk magnetic materials, have been widely studied for potential applications in biomedical
areas. With proper surface chemical functionalization, SPMNPs have found their applications in magnetic hy-
perthermia therapy, magnetic bioassays, drug delivery, magnetic manipulation, etc. These applications require
elaborate tuning of the physical and magnetic properties of the SPMNPs such as saturation magnetization Ms and
magnetic core size D. In this work, we present a search coil-based method to directly characterize the Ms of
SPMNPs in the liquid phase. The nonlinear magnetic responses of SPMNPs under oscillating magnetic fields are
exploited and the induced harmonic signals are used to analyze their Ms and D. Different combinations of Ms and
D are assumed and their harmonic ratios R are summarized. Curve fitting shows that the harmonic ratio

= + × ∙ ∙− −R D M0.74 2.85 10 s
9 4.41 1.44, with the coefficient of determination R-square=0.98.

1. Introduction

Superparamagnetic nanoparticle (SPMNP) is an important nano-
material that has been successfully applied in different biomedical areas
such as hyperthermia therapy [1–6], drug delivery [3,7–11], magnetic
manipulation and separation [12–16], magnetic biosensing [17–20],
etc. In these applications, it is important to tune the magnetic properties
of SPMNPs such as saturation magnetization Ms and the physical
properties such as magnetic core size D. Herein, we report a search coil-
based method for characterizing Ms and D of SPMNPs directly from
liquid phase. The nonlinear magnetic responses of SPMNPs to external
magnetic fields are unique for different types of SPMNPs regarding their
Ms and D, and their response curves are described by the Langevin
function. By placing SPMNPs under oscillating magnetic fields, the
nonlinear magnetic responses induce odd harmonics that can be picked
up by a pair of pick-up coils [21–24]. These harmonic signals contain
the information about SPMNPs such as Ms and D [25–28].

As shown in Fig. 1(a), in a typical search coil system, two alter-
nating currents (AC) are applied to outer coils 1 and 2, respectively, and
two oscillating magnetic fields are generated inside each coil, respec-
tively (see Fig. 1(a):(i) & (a):(ii)), one with high frequency fH but small
amplitude, the other with low frequency fL but large amplitude (see
Fig. 1(c)) [25,27,28]. The low frequency field periodically drives
SPMNPs to saturation where harmonic signals are induced due to the

nonlinear magnetic responses of SPMNPs (see Fig. 1(b)). In order to
increase the signal-to-noise ratio (SNR), the high frequency field is
applied to modulate harmonic signals into the high frequency region
where the pink noise (1/f noise) is minimized. A pair of differentially
winded pick-up coils (Fig. 1(a):(iii)) is placed in the center of two outer
coils, the top half is winded clockwise while the lower half is counter-
clockwise in order to cancel out the magnetic fields that come from two
outer coils. During the measurement, SPMNP ferrofluid sample is con-
fined in a tube and inserted in the upper half of pick-up coils (Fig. 1(a):
(iv)), by canceling out the externally applied magnetic fields, this pair
of pick-up coils can specifically pick the harmonic signals generated by
SPMNPs.

2. Methods

2.1. Theoretical models

Under an external magnetic field, the magnetic moments of SPMNPs
tend to align along the applied magnetic field, leading to a net mag-
netization. The magnetic response of an assembly of SPMNPs is a re-
versible S-shaped curve modeled by the Langevin function (in
emu/cm3):

=M M L ξ( )D s (1)
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and,

= −L ξ ξ
ξ

( ) coth( ) 1
(2)

=ξ m H
k T

s

B (3)

= =m M V M πD /6s s c s
3 (4)

where D and Vc are the magnetic core diameter and magnetic core
volume of SPMNP, ms and Ms are the magnetic moment and saturation
magnetization, respectively, H is the external magnetic field, kB is
Boltzmann constant, and T is temperature. Fig. 1(b) shows the simu-
lated magnetic response curves of 10 SPMNPs based on the Langevin
model, the Ms of 10 SPMNP samples varies from 100 to 2000 emu/cm3,
assuming =D 20 nm, and =T 300 K.

Herein, we apply two oscillating magnetic fields to SPMNPs, one

Fig. 1. (a) Search coil system setup. Two oscillating magnetic fields are generated by part (i) and (ii). Part (iii) is a pair of differentially winded pick-up coils, half of
the coils are winded clockwise and the other half counter-clockwise to cancel out the external magnetic field from (i) & (ii). Part (iv) is a holder with a plastic tube
containing liquid SPMNP sample. (b) Simulated magnetic response curves of 10 SPMNP samples M1–M10 with saturation magnetizations varying from 100 to
2000 emu/cm3, assuming =D 20 nm, and =T 300 K. (c) Two oscillating magnetic fields in one f1/ L period. Where = =A Oe f200 , 50 Hz,L L

= =A Oe f10 , 25 kHzH H . (d) and (e) are the simulated magnetic moment and induced voltage from 10 SPMNP samples during two f1/ L periods, respectively.
Assuming =c 500 pM, =V 0.5 mL, =D 20 nm, =T 300 K. (f) Frequency spectrum of (e) shows odd harmonic signals at ±f nf2H L, where n is an integer.
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with low frequency fL but large amplitude AL, the other with high
frequency fH but small amplitude AH (see Fig. 1(c)), the overall mag-
netic field is along z-axis and is expressed as:

̂= +
⇀

H t A πf t A πf t z( ) [ cos(2 ) cos(2 )]H H L L (5)

Taylor expansion of the M t( )D shows the major mixing frequency
components (harmonic signals) due to the nonlinear magnetic re-
sponses of SPMNPs:
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Fig. 1(d) shows the simulated magnetic responses of 10 different
kinds of SPMNPs based on Langevin model.

Assuming an assembly of SPMNPs with diameter D, total volume of
V , and concentration of c, is confined in a cylindrical tube inside a pair
of pick-up coils (see Fig. 1(a):(iii)), the total magnetic moment from the
ferrofluid sample containing the 3rd and the 5th harmonic components
is expressed as (in emu/mL):
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The dipolar fields generated by magnetized SPMNPs are picked up
by a pair of pick-up coils that are only sensitive to the z-direction field,
which can be expressed as (in A/m):
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where
⇀
r is the vector from SPMNP magnetic dipole to the pick-up coils,

and μ0 is the vacuum permeability. By assuming r′ is the average dis-
tance from SPMNPs to pick-up coils, a simplified form of total dipolar
field is expressed as (in A/m):

=
′

⇀ ⇀
μ H t

μ
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m t( )|
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0

3 3 (11)

Table 1
Parameters and values in this simulation.

Parameter Values

High frequency field fH (kHz) 5–25
High frequency field AH (Oe) 10
Low frequency field fL (Hz) 50
Low frequency field AL (Oe) 50, 100, 150, 200, 250
Pick-up coil radius R (mm) 1.5
Pick-up coil windings 1000
Cross-sectional area of pick-up coils

S (mm2)
∙π 1.52

Average distance from SPMNPs to
pick-up coils r′ (mm)

1

Sampling rate Fs (kHz) 100
Temperature T (K) 280, 300, 320
SPMNP concentration c (pM) 1, 500, 1000
SPMNP volume V (mL) 0.1, 0.5, 1
SPMNP diameter D (nm) 10, 20, 30
Saturation magnetizations Ms (emu/
cm3) of 10 SPMNPs

100 (M1), 200 (M2), 300 (M3), 400 (M4),
500 (M5), 600 (M6), 800 (M7), 1000
(M8), 1500 (M9), 2000 (M10)

Fig. 2. (a) Harmonic ratio R of 10 SPMNP samples under varying fH from 5 to
25 kHz. R is independent of fH . The averaged R values from M1–M10 are
plotted on the right side. (b) Harmonic ratio R monotonically decreases as the
Ms increases. (c) Averaged harmonic ratio R of 10 SPMNP samples with varying
D from 10 to 30 nm.
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According to Faraday’s law, the induced time-varying harmonic
voltages sensed by pick-up coils are (in V):
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where N is the number of winding turns, S is the area contained by the
pick-up coils.

Fig. 1(e) shows the induced voltage signals from 10 SPMNP samples
that are sensed by the pick-up coils. By performing the nonequispaced
fast Fourier transform (NFFT) on the voltage signals, the frequency
spectrum is extracted and plotted in Fig. 1(f). In this paper, we analyzed
the 3rd ( ±f f2H L) and 5th ( ±f f4H L) harmonic signals. The amplitude
ratio of the 3rd over the 5th harmonics (R) was used to analyze Ms and
D [29].
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Since fH is at least 20 times larger than fL, the above equation re-
duces to:

∝R k T
A M D

B

L s
2 2 6 (16)

The foregoing theoretical derivations are very simplified but it’s
very useful to know what parameters are affecting the harmonic ratio R.
Theoretically, the harmonic ratio is negatively correlated with the
magnetic core diameter D, saturation magnetization Ms, and amplitude
of the driving field AL. Another advantage of using harmonic ratio R to
characterize the magnetic properties of SPMNPs is that this parameter is
independent of concentration c and volume V of SPMNP ferrofluid
samples.

Fig. 3. (a) Averaged harmonic ratio R of 10 SPMNP samples under varying AL from 50 to 250 Oe. Assuming =c 500 pM, =V 0.5 mL, =T 300 K, =D 20 nm.
Harmonic ratio R monotonically decreases as AL increases obeying = × −R j AL

k, where the values of j and k are constants that depend on Ms. Curve fitting on the R
versus AL for M2, M4, M6, M8, and M10 are summarized. With the diameter D fixed, j and k monotonically increase as Ms increases. (b) Averaged harmonic ratio R
of 10 SPMNP samples under varying T from 280 K to 320 K, assuming =c 500 pM, =V 0.5 mL, =A Oe200L , =D 20 nm. Harmonic ratio R monotonically increases
as T increases obeying = ×R l T , where l is a constant that depends on Ms. Curve fitting results on the R versus T for M2, M4, M6, M8, and M10 are summarized. (c)
Harmonic ratio R is independent of concentration c. (d) Harmonic ratio R is independent of sample volume V .
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2.2. Simulation design

In this simulation, SPMNPs are assigned with different diameters D
and saturation magnetizations Ms. At the same time, ferrofluid samples
are assigned with varying concentrations c and volumes V . Their
magnetic responses are recorded under different driving magnetic field
frequencies fH , amplitudes AL and temperatures T . These parameters
and values used in this paper are listed in Table 1.

The Langevin model in Eq. (1) is used in this simulation. By putting

the time varying magnetic field
⇀

H t( ), different combinations of Ms, D,
V c, , and T in this equation, the real-time magnetic response data are
collected. With the search coil parameters assumed (see Table 1), the
Faraday’s law is applied to calculate the real-time voltage in the pick-up
coils. Finally, the amplitudes of the 3rd and the 5th harmonics, as well
as the harmonic ratio R, are collected by performing NFFT on real-time
voltage.

3. Results and discussion

3.1. Harmonic ratio R versus Ms andD

In this section, different SPMNP samples with varying Ms and D are
studied. By sweeping the high frequency field fH from 5 to 25 kHz, the
harmonic ratios R are collected. By assuming =c 500 pM, =V 0.5 mL,

=D 20 nm, =T 300 K, and =A Oe200L , the harmonic ratios R from
10 SPMNP samples (M1–M10, with Ms varies from 100 to 2000 emu/
cm3, see details in Table 1) are plotted in Fig. 2(a). Harmonic ratio R is
independent of fH and it decreases monotonically as Ms increases (see
Fig. 2(b)). Furthermore, we varied SPMNP diameters D from 10 to
30 nm and collected the averaged R values for M1–M10. Fig. 2(c) shows

that: 1) for SPMNPs with the same size D, a higher R value indicates a
lower Ms, 2) for SPMNPs with the same Ms, higher R-value indicates a
smaller magnetic core diameter D.

3.2. Harmonic ratio R versus AL, T , c, and V

Theoretical analysis from Eq. (16) shows that harmonic ratio R is
dependent on several parameters excluding Ms and D, such as the
amplitude of low frequency field AL and the temperatureT . The SPMNP
sample concentration c and total volume V both affect the magnitudes
of harmonic signals, although these parameters are not affecting the
harmonic ratio R as seen in Eq. (16). In Fig. 3(a), we varied AL from 50
to 250 Oe and plotted R versus AL for M1–M10 samples while setting
other parameters fixed. These curves clearly show that R is proportional
to −AL

k (k is a constant that depends on the Ms of SPMNPs), which
agrees well with our theoretical model. In Fig. 3(b), we varied T from
280 K to 320 K and the R versus T curves clearly show that R is linearly
proportional to T , which agrees with our theoretical model. Harmonic
ratios R are also summarized for SPMNP samples with different con-
centrations c and volumes V and plotted in Fig. 3(c) and (d), which
clearly shows that R is independent of c and V .

3.3. Curving fitting on =R f D M( , )s

The foregoing sections demonstrated that the harmonic ratio R is
dependent on Ms, D, AL, and T , but is independent of c and V . In most
applications, AL and T can be artificially fixed as constants. Herein, we
assume the driving field amplitude is set to be =A Oe200L , and the
temperature is set to =T 300 K. As shown in Fig. 4(a), SPMNP samples
with different combinations of Ms and D are studied and averaged
harmonic ratios R are collected by sweeping fH from 5 to 25 kHz. We
plotted R versus Ms and D in Fig. 4(b). The MATLAB curve fitting shows
that R obeys the following equation:

= + ∙ ∙R m n D Mp
s
q (17)

where the coefficients m, n, p, and q are constants that dependent on AL
and T . The values of these coefficients are listed in Table 2. By applying

= + × ∙ ∙− −R D M0.74 2.85 10 s
9 4.41 1.44, the curve fitting residuals at dif-

ferent combinations of Ms and D are plotted in Fig. 4(c).

Fig. 4. (a) Harmonic ratios R are collected from SPMNPs with different combinations of D and Ms. Assuming =T 300 K, =A Oe200L . Each point represents one
combination of D and Ms. (b) R values as function of D and Ms. Curve fitting showsR obeys the trend = + ∙ ∙R m n D Mp

s
q, where m, n, p, and q are constants that

dependent on AL and T . The surface equation in (b) is = + × ∙ ∙− −R D M0.74 2.85 10 s
9 4.41 1.44. Each point represents R value at one combination of D and Ms. (c) Curve

fitting residuals from (b).

Table 2
Coefficient values and 95% confidence bounds in Eq. (17).

Coefficient Value 95% confidence bounds

m 0.7413 (0.6262, 0.8563)
n 2.852× 109 (1.661× 108, 5.538× 109)
p 4.408 (4.196, 4.62)
q 1.443 (1.369, 1.518)
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4. Conclusions

In this work, we have proposed and demonstrated a search coil-
based method to directly characterize the Ms and D of SPMNPs in liquid
phase for the first time. SPMNPs have been extensively used as bio-
imaging contrast agents, heating sources for tumor therapy, and car-
riers for controlled drug delivery and release to target organs and tis-
sues. All of these applications require elaborate tuning of the physical
and magnetic properties of the SPMNPs. The nonlinear magnetic re-
sponses of SPMNPs were analyzed and, by applying two oscillating
magnetic fields to periodically drive SPMNPs to saturation, we have
successfully analyzed the harmonic signals that are unique for each type
of SPMNP regarding its Ms and D. Theoretical models in Section 2.1
point out that the harmonic ratio R is proportional to temperature T
and negatively correlated with AL, Ms, and D, and it’s independent of
SPMNP ferrofluid concentration c and volume V . In Sections 3.1 and
3.2, mathematical simulations were carried out conforming the real
search coil setup dimensions and today’s SPMNP properties. It was
confirmed that harmonic ratio R is linearly proportional to temperature
T , and monotonically decreases as the AL increases. In Section 3.3, by
fixing the AL and T , we have successfully curve-fitted =R f D M( , )s by
collecting the R values from different combinations of Ms and D. The
results in Fig. 4 shows that = + × ∙ ∙− −R D M0.74 2.85 10 s

9 4.41 1.44 with the
coefficient of determination R-square=0.98.

Herein, we stress the feasibility of using search coils as a method to
characterize the physical and magnetic properties of SPMNPs, which
may be applied as building blocks in nanoparticle characterization
devices.
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